We transform the Schrödinger wave equation to a nine-parameter Heun-type differential equation. Using our solutions of the latter in [J. Math. Phys. 59 (2018) 113507], we are able to identify the associated potential function, energy parameter, and write the corresponding wave function. Some of the solutions obtained correspond to new integrable quantum systems.
Introduction
Recently, we introduced the following nine-parameter Heun-type differential equation [1] 
where   [4] , we were able to obtain four classes of solutions of this equation [1] . The differential equation parameters for each solution class must satisfy the respective constraints shown in Table 1 . All of these solutions are written as convergent series of square integrable functions   
The expansion coefficients are written as 0 n n f f p  and   n p turn out to be orthogonal polynomials, some of which are either new or modified versions of known polynomials [1] . The argument and parameters of these polynomials are related to the differential equation 
The normalization constant is conveniently chosen as ( 1) ( 1) Table 2 for each of the four solution classes. The Jacobi polynomial is defined as In this work, we make a transformation that maps the Schrödinger equation into Eq. (1). Consequently, we will be able to identify the potential function, energy and corresponding solutions (wavefunctions) using the results found in [1] . The transformation used is a combination of an independent and dependent variable transformation (i.e., coordinate and wavefunction transformations). In the atomic units 1 m    , the time-independent onedimensional Schrödinger equation reads as follows
where V(x) is the potential function and  is the energy. In three dimensions with spherical symmetry, this equation could also be taken as the radial wave equation (with x r  ) if we can 
where   
Compatibility of the wavefunction expansion (3) and basis ansatz (4) 
Moreover, the wavefunction series becomes
where z is some proper function of the differential equation parameters. In the ensuing analysis, we assume that the potential satisfies the following two conditions: (1) It is an energy independent function, and (2) It vanishes at infinity (i.e., at  if 0 x  , and at  or at  if x     ). Table 3 shows the corresponding coordinate transformation, potential function and energy parameter. Note that despite in 9 out of the 12 cases the energy parameter appears in the potential function, a simple parameter redefinition eliminates this superficial energy dependence of the potential. For example, in the case     , , 0,1,2 a b c  the parameter redefinition E E B   will eliminate the energy parameter B from the potential function. It is interesting to observe from Table 3 an association of the energy parameter with the type of physical configuration space. For example, the parameter A is associated with the energy of the problem whose configuration space is the 4 whole real line. Whereas, the parameter B is associated with the energy of five problems whose configuration space is half of the real line. On the other hand, the parameters C, D, and E are associated with the energy of problems whose configuration space is a finite segment of the real line. Table 2 In the following three sections, we do that for each of the solution classes obtained in [1] . The physical properties of any system corresponding to a given set of parameters  
, , a b c in a given class is determined from the properties of the corresponding polynomials such as the weight function, generating function, asymptotics, spectrum formula, zeros, etc. [4, 7] . However, these properties are known only for the Wilson polynomial, which is associated with the restricted solution class. The other two solution classes are either associated with a new polynomial or with a modified version of the Wilson polynomial, the properties of both are not yet known in the literature and need to be derived by experts in the field of orthogonal polynomials. Nonetheless, these new polynomials could be written explicitly to all degrees (albeit not in a closed form) using their respective recursion relation and initial value. Consequently, the series representation of the wavefunction (10) is fully determined and, in accordance with the postulates of quantum mechanics, the corresponding physical system is well defined. Table 4 is a reproduction of Table 3 
The general solution class
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5
Comparing (11) to the recursion relation of the Racah-Heun polynomial given in Appendix B by (B6), we conclude that
In the comparison, we have used the following identity:
Finally, the exact series representation of the wavefunction in this general class is written as:
3. The special solution class Table 5 is a reproduction of Table 3 
Comparing (16) 
Therefore, the wavefunction associated with this special class of solutions is written as the following series:
The restricted solution class
Due to the exchange symmetry between the two families of solution in this class, we consider only the first family corresponding to the third column of Table 2 . Table 6 is a reproduction of Table 3 after imposing the class constraints on the parameter E as shown in the third column of Table 1 
In the comparison, we used identity (14) after making the exchange    . Since 2 0 z  , then the spectrum is purely discrete and the spectrum formula (B4c) gives Table 6 and Table 7 show that the maximum value of N is zero. Therefore, our restricted solution gives only the ground state. This observation could also be confirmed by comparing the recursion relation (20) 
Conclusion
We made a combined coordinate and wavefunction transformation of the one-dimensional time-independent Schrödinger equation. 
Appendix A: Coordinate transformation
The coordinate transformation ( ) 
On the other hand, changing the integration limits and after some simple manipulations, we obtain the alternative result (the upper incomplete beta function)
where
is the complete beta function.
Therefore, we obtain the alternative result (for However, if the spectrum is a mix of continuous and discrete parts then this orthogonality is modified by the addition of a discrete (finite or infinite) sum. Now, the normalized version of the four-parameter Wilson polynomial is written as (see, Appendix A in Ref. [8] )
b a c a d a b c d n n a b c d a z a z n a b c d a b a c a d n a b c d b c b d c d n W z a b c d
It satisfies the following symmetric three-term recursion relation 
If Re( , , , ) 0 a b c d  and non-real parameters occur in conjugate pairs, then the polynomial has only a continuous spectrum with the following normalized weight function parameter. It satisfies a modified version of the three-term recursion relation (B2) that reads
where    are yet to be derived analytically. This is still an open problem in orthogonal polynomials [11] . Tables Caption:   Table 1 : The conditions on the parameters of the differential equation (1) in each of its four solution classes. 
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